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Abstract 



The doubled formulation of string theory, which is T-duality covariant and en- 
larges spacetime with extra coordinates conjugate to winding number, is reformu- 
lated and its geometric and topological features examined. It is used to formulate 
string theory in T-fold backgrounds with T-duality transition functions and a quan- 
tum implementation of the constraints of the doubled formalism is presented. This 
establishes the quantum equivalence to the usual sigma-model formalism for world- 
sheets of arbitrary genus, provided a topological term is added to the action. The 
quantisation involves a local choice of polarisation, but the results are independent 
of this. The natural dilaton of the doubled formalism is duality-invariant and so T- 
duality is a perturbative symmetry for the perturbation theory in the corresponding 
coupling constant. It is shown how this dilaton is related to the dilaton of the con- 
ventional sigma-model which does transform under T-duality. The generalisation of 
the doubled formalism to the superstring is given and shown to be equivalent to the 
usual formulation. Finally, the formalism is generalised to one in which the whole 
spacetime is doubled. 



1 Introduction 



A conventional 'geometric' string background consists of a spacetime manifold equipped 
with a metric and various gauge fields, which may be connections for bundles or gerbes over 
spacetime, and satisfying field equations arising from the requirement that quantising the 
corresponding sigma-model gives a conformal field theory. However, string theory can be 
consistently defined in many non-geometric backgrounds that are not of this type [1]-[12], 
and it seems likely that generic string theory solutions will be non-geometric. In particular, 
conventional compactifications can be generalised to ones where the internal compact 
manifold is replaced with string theory in a non-geometric background, resulting in a 
conventional theory in a geometric four dimensional spacetime. This has been explored 
in [2], where it was argued that this gives a much wider class of effective four-dimensional 
field theories than can be obtained from conventional compactifications. 

An important class of non-geometric backgrounds are those which are constructed from 
local patches, each of which is a patch of a conventional geometric string background, but 
these patches are glued together with transition functions that include duality transfor- 
mations as well as the usual diffeomorphisms and gauge transformations [1]. This can give 
T-folds with T-duality transition functions or U-folds with U-duality transition functions, 
or mirror-folds with mirror symmetry transition functions. T-folds or U-folds require each 
patch to be the product of a torus with some open set in a base space N, so that the 
T-fold has a torus fibration over N, while a mirror-folds have a Calabi-Yau fibration. 
More exotic possibilities include gluing a heteroic string theory patch with a T 4 fibration 
to a II A string theory patch with a K3 fibration, as these theories are dual [14]. 

The T-fold backgrounds can be studied within perturbative string theory and so can 
be most fully treated. Locally, a T-fold looks like a conventional patch of a spacetime 
with a torus fibration. T-duality [16] was shown in [17], [18], [19], [20] to be a symmetry 
of spacetimes that torus fibrations in which there was a U(l) d isometry, so that they are 
principle U{l) d bundles. This was generalised in [10] to the case of general torus bundles 
in which there may be no globally defined killing vectors, so establishing the result that 
T-duality can be done fibrewise, provided that certain obstructions are absent. However, 
applying T-duality to geometric backgrounds with fluxes in general gives a T-fold [1] , not 
a geometric space, and so one is led to consider such backgrounds. 

Let X % be coordinates on the torus fibres, and Y m be the remaining coordinates, and 
the d 2 moduli r € 0(d, d)/0(d) x 0(d) of the torus T d depend on Y in general. Quantising 
the coordinates X gives a torus conformal field theory specified by the moduli t(Y) for 
each Y. The conformal field theory has an 0(d,d] Z) symmetry, and moduli related by 
an 0(d, d; Z) transformation determine the same conformal field theory. Then 0(d, d; Z) 
transition functions allow the consistent construction of a bundle of torus conformal field 
theories over some base space N with local coordinates Y. One can then integrate over 
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the fields Y m to give the quantum string theory in such a T-fold background. 

In formulating the conformal field theory on the T d fibres, an extra d coordinates X{ 
for a dual torus T d are needed. These are conjugate to the winding number, and are 
needed to write vertex operators such as e tkL ' XL where X L = X — X, and to formulate 
string field theory. For string field theory in toroidal backgrounds, the string field should 
depend explicitly on X as well as X [21]. This means that generic solutions of string field 
theory depend on both X and X; some interesting examples of backgrounds depending 
non-trivially on X have been investigated in [2]. However, T-fold backgrounds do not 
depend explicitly on X, so can be expressed in terms of conventional spacetime fields 
locally. In [1], a formulation of string theory on a T-fold was given, with a target space 
which had a T 2d doubled torus fibration with local coordinates X 1 ,X i , Y m . For a T-fold, 
the doubled patches fit together to form a T 2d bundle M over the base N, and the theory 
is formulated as a sigma-model with target space M. This formulation is manifestly 
0(d,d;Z) invariant. To obtain the conventional theory, a constraint is imposed that 
halves the doubled degrees of freedom on the torus; for a flat background, this constraint 
requires half of the 2d scalar fields on T 2d to be left-movers and half right-movers. The 
constraint is well-defined on M and is 0(d,d;J.) invariant. The conventional theory is 
regained by choosing a polarisation, i.e. by choosing half of the coordinates on the torus 
T 2d to be the physical spacetime coordinates. This involves choosing a T d C T 2d and can 
be done globally for a geometric background, but only locally in each patch for a T-fold, 
and in general the polarisation changes from patch to patch. T-duality can be thought of 
as acting to change the polarisation [1], and so the statement that the physics is T-duality 
invariant implies that the choice of polarisation does not affect the physics. 

The sigma-model on the doubled space M can be quantised in the usual way, but the 
problem arises as to how to implement the constraint. One approach is to first quantise 
the variables X, X, for fixed Y. One can first solve the constraint and then quantise. The 
constraint is a self-duality condition that relates dX and dX, and it is important that in 
the doubled formulation for a T-fold, X only enters through its derivative dX. Then the 
constraint can be used to give dX in terms of dX. The constraint implies the classical 
world-sheet field equations for X, X, and for a cylindrical world-sheet the field equation 
for X can be solved in terms of the oscillators, momenta and winding modes for X. These 
can be quantised in the usual way to obtain the usual CFT on T d . This gives a torus 
CFT with moduli t(Y) for each point Y and hence a bundle of CFT's over N. The final 
step is then to quantise Y. 

While this paper was in preparation, the paper [13] appeared, giving a constrained 
Hamiltonian approach for T-folds on cylindrical world-sheets, using Dirac brackets to 
quantise the system. This was applied to an example of a T-fold which is an asymmetric 
orbifold, and gave the same results as the conventional quantisation of this system. An 
interesting feature is that, at least for this explicit example, no choice of polarisation is 
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needed. 

However, it is desirable to have an off-shell formulation which does not impose field 
equations, and which applies to world-sheets that are Riemann surfaces of arbitrary genus. 
The constraint requires that a certain conserved current J vanishes, and it was suggested in 
[1] that this could be imposed by gauging the symmetry generated by J, adding a coupling 
C • J to a world-sheet gauge field, plus quadratic terms in C . It will be shown here that 
this does not quite work, but that one can instead gauge half of the currents J and this is 
sufficient to impose the constraint. Gauge-fixing and integrating out the gauge fields then 
recovers the usual (undoubled) sigma-model formulation locally. The choice of which half 
of the currents J to gauge is the choice of polarisation. For a geometric background, there 
is a global choice of polarisation and the usual formulation is recovered, but for a T-fold, 
there is no global choice, and the quantisation involves a choice of a different polarisation 
in each patch. Nonetheless, the resulting quantum theories should patch together to give 
a consistent well-defined theory. Then the situation is similar to gauge theory, which 
has a globally-well defined gauge-invariant quantum effective action, even though in the 
calculation of this one must gauge-fix, breaking the manifest symmetry, and in general 
one must make a different gauge choice in different patches. 

This allows the definition of the quantum theory for Riemann surfaces of arbitrary 
genus, and it is found that the classical action must be supplemented by a topological 
term in order to achieve complete equivalence to the usual formulation. This term does not 
affect the classical theory, but introduces certain relative signs in the sum over topological 
sectors. It is also shown that there is a functional Jacobian that arises in changing between 
the formulations, and this has important physical consequences at one-loop and higher. 

For a T-fold to be a good string background, the resulting quantum theory must be 
conformal and modular invariant. Conformal invariance requires that in any patch, g, b 
and the dilaton must satisfy the usual /3-function equations, so that there is a conformal 
field theory in each patch. Modular invariance then imposes conditions on the allowed 
transition functions. For example, a special class of T-folds are asymmetric orbifolds, 
and it is well-known that modular invariance only allows a restricted class of asymmetric 
orbifolds. Then a T-fold string background is locally conformal, i.e. it is constructed 
from patches in each of which the geometric data satisfies /5-function equations, and the 
transition functions are chosen to be compatible with modular invariance. 

In addition to showing how to quantise in the doubled formalism and establishing its 
equivalence to the usual formalism, a number of other issues left over from [1] will be 
discussed. The doubled formulation will be re-expressed in a form in which its geometric 
structure is more apparent, using results from [10]. A careful treatment of the global 
structure will be given and applied to the quantum theory. A puzzle arises in the issue of 
the dilaton coupling. In the doubled formalism, the natural dilaton coupling through a 
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Fradkin-Tseytlin term is necessarily duality invariant, while it is known that the dilaton 
in the usual sigma-model transforms under duality. It will be shown that these results 
are consistent and that the dilatons in the two formalisms are indeed different, and the 
relationship between them will be found. The string perturbation theory involving the 
dilaton arising in the doubled formalism is duality invariant so that T-duality is manifestly 
a perturbative symmetry, and this coupling constant is the same as that of string field 
theory [21]. 

In section 8, the results are extended to the supersymmetric doubled formalism, and 
the relationship to the usual formalism again established. In section 10, the formalism is 
generalised to one in which all coordinates are doubled, not just the tori, and this gives a 
formalism applicable to general spaces, not just to torus bundles. 

There is an interesting relation with Hitchin's generalised geometry [15]. In generalised 
geometry, a conventional geometry with a D-dimensional manifold M equipped with 
a metric tensors g and a gerbe connection b is considered, and it is found that many 
features are elegantly expressed on T © T*(M), or the twisting of this by a gerbe, and 
there is a natural action of the continuous group 0(d,d). The transition functions are 
diffeomorphisms and 6-field gauge transformations, giving transition functions GL(D, R) 
on T © T*(M), or the semi-direct product of this with ^-transformations for the twisted 
version. T-folds are more general than generalised geometry, with transition functions 
including the discrete group 0(d, d; Z) for T d fibrations, and are not manifolds with tensor 
fields g, H. While generalised geometry doubles the tangent space, doubled geometry 
doubles the torus fibres, or the whole manifold. Doubling the manifold of course entails 
doubling the tangent space. Both kinds of geometry have a natural action of 0(d,d) 
and similar 0(d,d) covariant structures appear in both. However, doubled geometry is 
governed by the discrete group 0(d,d; Z) and T-duality is an essential feature, while in 
generalised geometry only the continuous group 0(D,D) appears. On the other hand, 
the generalised geometry approach can be applied to any manifold, while T-folds arise 
naturally only for torus fibrations. The relation between doubled geometry and generalised 
geometry will be discussed further elsewhere. 



2 String Backgrounds 

The string backgrounds that will be considered here can be constructed from local patches 
and in each patch there is a conventional string background, so that each patch is dif- 
feomorphic to a contractible open set in R D equipped with a metric g and a 2-form b. 
A geometric background is a manifold made from patches of this type with transition 
functions that are diffeomorphisms and 2-form gauge transformations 5b = dX, so that g 
and H = db are tensor fields on M. T-folds are non-geometric backgrounds where the 
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transition functions also include T-dualities, so that the result is not a manifold with 
tensor fields. In this section, the local structure of such backgrounds will be reviewed, 
and the global structure will be discussed in section 7. 

A geometric string background is then a manifold M with a metric g and closed 3-form 
H . In each local patch, one can introduce local coordinates 0^ (//, v — 1, .., D, where D 
is the dimension of M) and H is given in terms of a 2-form potential b, H = db. The 
lagrangian is 

L = A *tty" + A #" (2.1) 

Here d<p is a 1-form on M pulled-back to the world-sheet. The world-sheet metric is taken 
to have Lorentizan signature, and * is the world-sheet Hodge duality operator satisfying 
(*) 2 = 1. (The formulae will be presented here for Lorentizan world-sheet metrics. The 
continuation to Euclidean signature is straightforward, and in most formulae in this paper 
is given by replacing * with —i*, as (— i*) 2 = 1 in Euclidean signature, and taking 
lagrangian 2-forms L — > —%L. In (2.1), this has the net effect of replacing b with ib.) 

If M is a torus bundle over some base manifold N with fibres T d , then it can be 
constructed from patches of the form U' = U x T d where U is a patch on the base 
manifold N, diffeomorphic to a contractible open set in R D ~ d . In each such patch U', 
there are d commuting vector fields ki = k^d/d^ tangent to the fibres, with each ki 
generating a periodic orbit. It will be assumed they are Killing vectors with 

&H = (2.2) 

where is the Lie derivative with respect to ki, generating a freely acting U(l) d isometry 
of U' . For principle bundles, these extend to globally defined Killing vector fields on 
M, but for general torus bundles they do not. In [10], T-duality and the gauging of 
sigma-models was generalised to such general torus bundles without isometries. 

Consider then a patch of a string background U' = U x T d with a metric g, a 2-form 
b and d Killing vectors in U' tangent to the fibres. They could fit together to form either 
a torus bundle over N, or a T-fold over N. The norm of the Killing vectors 

Gij = g(ki, kj) (2.3) 

defines a matrix of functions on U and, as this is non-degenerate in U (assuming g 
restricted to the fibres is positive definite), there are one-forms £ l with components 

C = C^g^i (2.4) 
dual to the Killing vectors. The field strengths 

F i = dC (2.5) 
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satisfy 

aF j = (2.6) 
where deo rites contraction with fcj. The metric can be written as 

// // • (-uC f (2-7) 

where g is a metric on U. The £ l define a natural frame on the fibres over U. 

Next we give an alternative derivation the results of [10] for the general form of H. 
The condition (2.2) implies that tj 1 ...ij n H is closed for n — 1,2, 3, so that in a contractible 
open set V C M they are exact. Then 

LiijikH = Kijk (2-8) 

are constants (in V) and 

K = ^K ijk dX l A dX j A dX k (2.9) 
defines a closed 3-form, so that 

H' = H-K (2.10) 
is closed and satisfies 

LHjikH' = (2.11) 

The analysis of [10] can now be applied to H'. In V, there is are 1-forms Vi and 0-forms 
Bij = —Bji such that 

LiLjH' = -dBij (2.12) 
LiH' = dvi (2.13) 

and (2.11) implies 

dB jk = (2.14) 

The 1-forms Vi are only defined up to the addition of an exact 1-form. Consider then 

v[ = Vl -df t (2.15) 
where fa are functions on V satisfying 

iidfj = B^ + LiVj (2.16) 
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The integrability condition i^diidfj = tidikdfj for (2.16) is satisfied as a result of (2.11) 
[10], so that solutions fi exist. Then 

av'^Bij (2.17) 

and 

dr/j = (2.18) 
The locally- defined 1-forms 

A • />'.;<•' (2.19) 

are horizontal 

LiAj = (2.20) 
and invariant 

CiAj = (2.21) 

so that they can be regarded as 1-forms on U C N. They are connections for a bundle 
over N [10] with curvature 

Fi = dAi (2.22) 

which is horizontal, i{Fj = 0. Then 

H = H + FiAC + dB + K (2.23) 

where 

B = iflyf A e (2.24) 

and H is a 3-form on satisfying 

dH = -Ft A F { \ (2.25) 
A 2-form potential b with db = H is given by 

6 = 6 + C A A + )-Bi£ A f + k (2.26) 
where d« = if, so that /c can be taken to be 

k = -K^X 1 A dX j A dX k (2.27) 



b is a 2-form on U C N with 

H = db + F i AAi (2.28) 

Using the symmetry, these results extend from a contractible patch to any patch of the 
form U' = U x T d . 

In adapted local coordinates M = (X 1 , Y m ) in which 

*W = m (2 ' 29) 

the Lie derivative is the partial derivative with respect to X' 1 , so that g^, H^ up are inde- 
pendent of X m . Then 

f = dX i + A* (2.30) 

where A i = A i m (Y)dY m satisfies iiA j = and 

dA* = F i (2.31) 

satisfies tjF- 7 = 0. The A 1 are connection 1-forms for M viewed as a bundle over N. 

The derivation of T-duality of [10], generalising that of [17], [18], [19], [20], involves the 
gauging of the symmetry generated by the hi. If K = and the A and the are globally 
defined, then the obstructions to gauging of [23] are absent as a result of (2. 17), (2. 18); 
however, in general A and B t j will not be globally defined. 

In general the Aj = A im (Y)dY m are connections for a dual bundle M over N, built 
from patches U x T d , and so will not be globally defined. Globally defined one-forms are 
defined by introducing fibre coordinates Xj on T d so that 

I = dX t + Aj (2.32) 

is a well-defined 1-form on M and 

Fi = rf^ = dAi (2.33) 

is also horizontal. To be able to define a well-defined quantum sigma-model, the fibres T d 
are taken to be the torus dual to the torus fibres in U' — U x T d [10]. If X 1 has period 
2nR l and X 1 has period 2n Ri, then these are related by R l = a'/Ri. In addition to the 
fcj, there are vector fields A;* tangent to the new fibres 

# = -i- (2.34) 
The fc l commute with the 
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This allows the construction of a doubled patch U = U x T d x T d with fibres T 2d , 
coordinates Y m and 




(2.35) 

where I = 1, 2d, and connections 

A' = (£) (2.36) 
so that the one-forms 

(2.37) 




are well-defined 1-forms. 

The isometries on M can now be gauged provided there is no 3-flux on the fibres [10] : 

iitjikH = (2.38) 

so that H' = H , and this will be assumed to be the case here. This is also the condition 
for conventional T-duality to be possible [10]. 

For geometric backgrounds, the patches U' = U xT d patch together to give a manifold 
M, the dual patches U = U x T d patch together to form a dual manifold M (the T-dual 
of M, again a torus bundle over N) and the U = U x T d x T d patch together to form a 
manifold M, which is a T 2d bundle over N. For T-folds, the U' or U may not patch to form 
manifolds, but M is a well-defined T 2d bundle over N, a geometric space containing all 
the information about the background and all its T-duals. It is this well-defined manifold 
M that is used to construct the string action for a T-fold background using the doubled 
formalism [1]. 

There is a natural action of 0(d, d) on U and hence on M. Consider h G 0(d, d) given 

by 

<*■»> 

where a, b, c, d are d x d matrices. This preserves the indefinite metric 

'■-(11) ™ 

so that 

h l Lh = L a'c + c'a = 0, b t d + d t b = 0, a t d + c t b = l. (2.41) 
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The group 0(d, d, Z) consists of matrices (2.39) with integral entries. Then E, X, A trans- 
form in the fundamental representation 

E -> E' = h- 1 - (2.42) 

A^A' = h- l A, X -> X' = /i _1 X (2.43) 

Defining 

/•-', ; = G - + (2.44) 

£ transforms non-linearly under 0(d,d) [22], [19], [16], [10] 

£' = (aE + b)(cE + d)-\ (2.45) 

The moduli G, B can be used to define a natural metric on the fibres given by the 2d x 2d 
matrix Tlij given by 

n-( G -_x B B G G ~n- 

which transforms covariantly under 0(d, d) 

H -> (2.47) 

Note that the G, B are well-defined moduli and are scalar fields on N, so that the metric 
(2.46) and the transformations (2.45) are well-defined. Similar formulae involving the 
components of the gauge field b are potentially problematic as b is only defined up to 
gauge transformations. 



3 Doubled Formalism 

The doubled formalism [1] is based on the duality-covariant formalism of [30] (and similar 
to models of [21], [31], [32], [33], [34], [35], [36]). It is 0(d,d;Z) covariant and written in a 
patch U of M in terms of X, A, H. The usual formalism arises on choosing a polarisation, 
i.e. a choosing a physical subspace U x T d C U x T 2d . 

Consider a patch U of a space M which is a T 2d bundle over N, with fibre coordinates 
X 7 , local coordinates Y m on [/ C N and connection 1-forms 

A 1 = A' m dY m (3.1) 

Let Ljj be the constant 0(d,d) invariant metric (2.40) on the fibres, and let Jiu be a 
positive-definite fibre metric satisfying 

L- l HL- l H = 1 (3.2) 
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This 'generalised metric' is assumed to be indepedent of X but is a function Hu(Y) on 
N. Then 

S'j = L IK H KJ (3.3) 
satisfies 

S 2 = 1 (3.4) 

and so defines an almost product (or almost real) structure. 

The sigma-model with target space M of [1] is a theory of maps from a 2-dimensional 
world-sheet W to M, given locally by X J (cr) where a a are coordinates on W. The pull-back 
of rfX 7 gives the fibre momentum 

Vi = d^ 1 (3.5) 

while the pull-back of the one-forms E 1 gives the covariant fibre momentum V 1 , which is 
a 1-form on W with components 

V I a = V I a + ALd«Y m (3-6) 
The lagrangian of [1] is 

C d = \n u V 1 A *V J - \lijV 1 A A j + C(Y) (3.7) 

where C(Y) is the lagrangian for a sigma-model with target space N, and all forms have 
been pulled back to W. The unusual normalisation with a factor of 1/4 is important 
and needed to give equivalence with the canonically normalised standard sigma-model 
lagrangian (2.1). The Wess-Zumino term 

S W z = -\ [ LjjV 1 AA J (3.8) 
can be rewritten as 

Swz = -\J v L IJ V I /\T J (3.9) 
where V is a 3-manifold with boundary W, and T 1 is the pull-back 



2 

of the curvature 



l -T I mn dcX m d p Y n da a A da" 



T T = dA T (3.10) 
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In later sections, it will be useful to consider adding a toplogical term 

= ^/jdX 7 A dX J (3.11) 

for some constant Q/j = —Qjj. This does not contribute to the field equations and does 
not affect the classical theory, but plays a role in the quantum theory. 

This theory is subjected to the constraint [1] 

V = S*V (3.12) 

where * is the Hodge dual on the world-sheet satisfying (*) 2 = 1 (assuming Lorentzian 
signature world-sheet; for W with Euclidean signature, the constraint is V — —iS * V.) 
If the sigma-model on N has a lagrangian 

C(Y) = C\Y) - A i A Ai (3.13) 

where 

C'(Y) = l -g mn dY m A *dY n + h mn dY m A dY n (3.14) 

for some g mn {Y) ,b mn (Y) on the base N, then it was shown in [1] that the doubled sigma- 
model (3.7) with constraint (3.12) is classically equivalent to the conventional sigma-model 
(2.1) with metric (2.7) and 2-form (2.26). In section 6, this result will be re-derived and 
extended to the quantum theory in section 8. 

The field equation from varying X 7 in (3.7) is 

d*(n I jP J )=L IJ T J (3.15) 

which can be rewritten as 

d * (S 1 jP J - *P £ ) = (3.16) 

so that the constraint (3.12) implies the field equation (3.15) (and is a stronger condition). 
The lagrangian is manifestly invariant under the rigid GL(2d, R) transformations 

H^h'Hh, V^h^V, A^hr x A (3.17) 

(with Y and C(Y) invariant). The corresponding transformation of the coordinates 

X^/T 1 / (3.18) 

only preserves the boundary conditions if g is restricted to be in the subgroup GL(2d, Z) C 
GL(2d, R) preserving the periodicities of the X. The constraint (3.12) breaks GL(2d, R) 
to the subgroup 0(d, d) preserving L IJ and so breaks GL(2d, Z) to 0{d, d; Z). Thus this 
formulation is manifestly invariant under the T-duality group 0(d, d; Z). The topological 
term (3.11) is invariant if Q — > tfQh under these transformations. 
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4 Polarisation and T- Duality 



In order to make contact with the conventional formulation, one needs to choose a po- 
larisation, i.e. to choose a splitting of T 2d into a physical T d and a dual T d for each 
point in N, splitting the fibre coordinates into the physical coordinates X e T d and the 
dual coordinates X e T d , and then write the theory in terms of the coordinates X alone, 
solving the constraint (3.12) to express X(cr) in terms of X(a). Then the variables X 
are the ones integrated over in the functional integral, and invariance of the theory under 
T-duality implies that the physics should be independent of the choice of polarisation. 

In order to define a polarisation or local product structure on the fibres, one first 
chooses a subgroup GL(d, R) of 0(d, d) under which the fundamental 2d of 0(d, d) splits 
into the fundamental representation d of GL(d, R) and the dual representation d', 2d — > 
d©d'. It will be useful to use a superscript % for the fundamental representation d (where 
i = l,...,d) and a subscript i for the dual representation d', and introduce constant 
projectors II*/ and 11;/, so that 




(4.1) 



with the X % the coordinates of the T d subspace and Xi the coordinates of the dual T d 
subspace. This can be thought of as a choice of basis, but it is useful to introduce the 
projectors explicitly, so as to keep track of the choice of subgroup GL(d, R) of 0(d,d); 
duality transformations change the projectors and change the subgroup GL(d, R) to a 
conjugate one. 

The metric L is off-diagonal in the GL(d) basis and can be written as 

i o J K J 

so that the corresponding line element is 

ds 2 = 2dX i dX i (4.3) 

Then the T d submanifold with coordinates X 1 is a maximally null subspace with respect 
to this metric. Choosing a polarisation that selects a maximal null T d C T 2d together 
with its complement T d then corresponds to choosing a subgroup GL(d, Z) C 0(d, d; Z). 

It will be useful to introduce the notation / for the 0(d, d) indices in the GL(d) basis, 
so that for any vector v, v 1 = (v l , v,j) and the matrix giving the change from an arbitrary 
basis to the GL(d) basis is 



e', = ~ J (4.4) 
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with the corresponding matrix for the dual representation = L 1 QL so that 



where IP J = IPj£ JJ , IT/ = ITj/L /J . The matrix Q 1 j can be thought of as a representative 
of the coset 0(d, d)/GL(d, R), or as a 'vielbein' converting 0(d, d) indices to GL{d) ones. 
Then the equations giving components in the GL(d) basis can be rewritten as 

&p=(Z), qa=\ ; I (i.G) 




Q 

The components of H in this basis 

This notation will help in following the effects of changes of polarisation explicitly. In 
particular, (4.7) defines a metric G^ and 2-form B^ in terms of H and a polarisation 0. 

The T-duality transformation rules G -> G', B -> 5', .4. -> .A' (2.45), (2.43) are 
then obtained using the 0(d,d) transformations for H, A while keeping the polarisation 
fixed, 

n^H' = h l Uh, A—> A' = h~ l A, 0^0' = (4.8) 
so that e.g. 



g- 1 = rmiT -> (g") _1 = uh^nhu 
bg- 1 = rwiT -> 5'(g") _1 = n/i'ft/ri 



A = IL4 -> N = YLh l A (4.9) 

These same transformations G — > G", S — > 5', A — > A' can also be obtained by keeping 
H fixed while transforming 

<H^H' = H, A^A' = A, &^e' = eh (4.10) 

so that 

n^n' = n/i n-*n' = n/i (4.11) 

Thus the T-duality transformations can be viewed either as active transformations in 
which the geometry 7i, A is changed while IT, IT are kept fixed (4.8), or as a passive one 
in which the geometry 7i,A is kept fixed but the polarisation is changed (4. 10), (4. 11). 
In the latter viewpoint, the doubled geometry is unchanged, but the choice of physical 
subspace is transformed. The symmetry under T-duality is then the statement that the 
physics does not depend on the choice of physical subspace. 
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5 Conserved Currents 



The one-forms on the world-sheet W 

j I = n IJ P J -Ljj*P j (5.1) 

are conserved currents 

d * J/ = (5.2) 

(using the field equations (3.15)). It is the sum of a Noether current Jj and the 'topolog- 
ical' current 

j I = L IJ *V J (5.3) 
which is trivially conserved, d * j = as dV = 0. The Noether current is 

Ji = n u P J - Ljj * A J (5.4) 
where A J = A'J n d a Y m da a is the pull-back of A, and this generates the symmetries 

5X J = a 1 (5.5) 

of translation along the fibres. Note that J is gauge-invariant and so well-defined, while 
J and j are not. The constraint (3.12) is Ji = 0. (Adding the topological term (3.11) 
would modify the Noether current by an identically conserved term, Ji — > Ji + Qu *V J .) 

Following [1], it is useful to introduce a 2d x 2d vielbein V A i(Y) such that 

H = V l V (5.6) 

with frame indices raised and lowered with 8ab- There are then two metrics, Tijj with 
frame components 5ab and Ljj with frame components Lab- They are both preserved 
by 0(d) x 0(d), and it is useful to choose a basis in which 0(d) x 0(d) is manifest. 
The indices A, B = I,..., 2d transform under 0(d) x 0(d) and can be split into indices 
a, b — 1, d and a', b' — 1, d for the two 0(d) factors, A = (a, a'), so that in a natural 
basis 

- ab fL ab \ fl ab \ cA fS a b 



L ~ ' o l^'I ~ [ o -r' b 'l ' s B ~ { o -s'v) (5 ' 7) 



Then 



V ^ = ( y/j ) ' ^ = 1 7^ ' ' (5 - 8) 
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and 

Hu = V a ,V 6 A 6 + V a ' !V b ' j5 a , b , (5.9) 
The current 

J 1 = L IJ Jj = S 1 jP J — *P T (5.10) 
has frame components J A = (J a , J a ') 

ja _ <pa _ ^pa 
ja> = fia> + ^fia> 

The constraint (3.12) is J = and this becomes 
f> a = +*V a 

V a ' = -*V a ' (5.12) 
Introducing null coordinates a ± on the world-sheet, so that a = (+, — ), these become 
VI = 

V°l = (5.13) 
while J®, J®' are the chiral currents 
J% = 0, J a _ =V1, 

J% =V%, J°L =0 (5.14) 

There are then two chiral currents, and their conservation law is 

D* J A = d* J A -uJ A B A*J B = (5.15) 

where u> is the connection u a = (d a V)V~ 1 and has off-diagonal terms mixing the two 
currents. For example, the conservation law for J" is 

d + J a _ - (ou + ) a b J b _ - {u_) a b ,Jl = (5.16) 

Given a polarisation, one can define the currents 

J* = nV 7 (5.17) 

which are conserved d* J 1 = as 11*/ is constant. The components of J l a are given, using 
(5.14), by 

J\ = IIVP+' JL = WaVl (5.18) 
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where 

ir a = ir 7 vi, nv = nM# (5.19) 

As the matrices (5.19) are non-degenerate, J % = is equivalent to J 1 = as the only 
non- vanishing components of J 1 are those in (5.14), and so J 1 = is equivalent to the 
constraint (3.12). 

As before, J 1 = J % + where f = II 1 / * rfX 7 is trivially conserved and J % is the 
Noether current for the transformations 

5X { = at, 5X i = (5.20) 

Similarly, there are also conserved currents 

Ji = %iJ' (5.21) 

with Ji = equivalent to (3.12) and which generate the transformations 5X % = a\ 5Xi = 
0. 

In the case of a trivial bundle with constant Hij = 5jj, the currents are 

f = dXi + *dX l (5.22) 

(the flat metric can be used to identify upper and lower indices i,j and tangent space 
indices a, a'). The current dX^ generates 5Xi = while *dX is a topological current that 
is automatically conserved. Similarly, the current 

r = dX i + *dX { (5.23) 

is the sum of a current dX % generating 5X l = a 1 and the topological current *dX. In the 
0(d) x 0(d) basis 



X( 



(5.24) 



with 



X 1 = \ (XI +X i R ), X t = l - (X£ - XI) (5.25) 

Then 

VI = d a X a R , Vi = d a Xt (5.26) 
and the currents (5.14) are 

Jl = 0, J a _ = d_X a R , (5.27) 

= <9+X£', Ji = (5.28) 
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The symmetries generated by J 1 are 

5X a R = a% bXi = ai (5.29) 

and J 1 generates the anti-diagonal subgroup with a % L = —a R while Jj generates the 
diagonal subgroup with a\ = a R . Note that the currents generate a Kac-Moody algebra 

[r(a), J h _(a')\ = d5 ab 5'(a - a'), [4(a), J*(a')] = d5 a ' b '5'(a - a'), (5.30) 

and so J = is a second class constraint. This means that it cannot be imposed by 
adding a lagrange multiplier term C ■ J, but might be imposed by supplementing this 
with a further term involving C 2 ; this will be discussed in the next section. 

The constraint (3.12) then implies d-X R = and d+X^ = so that X R are right- 
movers and Xf are left-movers, giving the right count of degrees of freedom. The gen- 
eralisation of this to the interacting case is that the constraint (3.12) implies that half of 
the currents J are chiral and the other half anti-chiral, but the projectors onto the chiral 
and anti-chiral parts change with the coordinate Y, as they are given in terms of S(Y). 



6 Imposing the Constraint 

The constraint (3.12) is J 1 = where J 1 is the current (5.1). Given a polarisation, the 
constraint J % = where J 1 is the current (5.17) also implies (3.12). A natural way of 
imposing the constraint is to attempt to gauge the symmetries generated by the current 
J 1 or J*, as suggested in [1]. This involves introducing a gauge field Cj or Cj which is a 
one-form on the world-sheet. The linear Noether coupling is then 

-C 7 A*J 7 (6.1) 



or 



l -C l A *r (6.2) 

so that if this were the only term involving C, the gauge field would be a lagrange 
multiplier imposing the constraint J = 0. However, gauge invariance requires adding a 
term quadratic in C. Defining Ca = (C a ,C a >) by Ca = Va 1 Ci, using (5.14), the term 
(6.1) is 

i (CV- + ( 6 - 3 ) 

and C a _,C a + do not appear, and as a result gives the same coupling as (6.2). However, 
there are in addition terms quadratic in C; for the coupling to J 1 , these do depend on 
C", C+, while for the coupling to J*, they do not. 
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The first step in the gauging of J 1 is given by minimal coupling, so that V 1 is replaced 
with 



V 1 + L IJ Cj (6.4) 

in the lagrangian (3.7) giving a gauge- invariant lagrangian. This gives a term linear in C 
of the form Cj A *J I where J 1 = J 1 + *V I , so that it differs from J by the identically 
conserved topological current j 1 = *V I . The term (6.1) is then obtained by further adding 
a term 

d A */ = C I AV I (6.5) 

to the minimally-coupled action. However this term is not gauge-invariant and does not 
have a gauge-invariant completion. This is a case in which one of the obstructions to 
gauging of [23], [24] is present, and gauging is not possible. 1 If one ignores global issues 
and gauges the symmetry generated by Ji in (3.7) to obtain a local lagrangian, there 
is a term quadratic in the gauge fields involving C",C?' as well as C?,C"'. As this is 
the gauging of the symmetry (5.5), this leads to the elimination of all the X 7 , leaving a 
sigma-model with fields Y on the base space N. Thus in this case, there is an obstruction 
to gauging with the currents J 1 , so that the linear term (6.1) is not obtained, and if one 
gauges with the currents J}, then all of the X are eliminated. 

More interesting is the gauging of J\ This takes the same form as (6.1) at the linearised 
level, but the quadratic term in the gauge fields just involves C+,C"', corresponding 
to gauging a diagonal subgroup of the gauge group for J 1 . The gauged lagrangian is 
Cd + C g + C top where Cd is the original lagrangian (3.7), C top is a topological term of the 
form (3.11) and 

C g = -Q A *T + -H ij Ci A *C j (6.6) 

where 

n ij = u i I Wj(n~ 1 ) IJ = u i I w J (L- 1 ) IK n K L(L- 1 ) LJ (6.7) 



1 In the terminology of [23], [24], one is gauging the isometries generated by 2d Killing vectors fcj 
and the contraction of H with ki is iiH = dvi, where v is determined up to exact terms. Choosing 
vj = tjb and using the formulae of [23], [24] gives the gauging by minimal coupling. However, to obtain 
the coupling of the gauge field C to J instead of J requires replacing v with v\ = vj + LijdX 1 , but now 
ljv'j = Ljj and the fact that these constants are non-zero implies that there is a local obstruction to 
gauging [23], [24]. However, while v' is a well-defined 1-form and J is a well-defined current, v and J are 
only locally defined, so that the minimally-coupled action is not well-defined and there is a topological 
obstruction to the gauging. There is then an obstruction to gauging: v is not globally defined, while v' 
gives a non-zero t(/v' 7 ) and there is no v that overcomes both obstacles. 
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This gauged lagrangian can be derived as follows. Given a polarisation with 

IP/P 7 \ _ / P i \ ~ _ ( P' 1 \ _ ( P l + A* \ 

TLuV 1 )-\Qi)' \Qi )~\Q l + A l ) (6 ' 8) 

the lagrangian (3.7) can be written as 

£ d = ^P*A*P J + ^^ (6.9) 

The lagrangian (3.7) is a sigma-model on M and the symmetry being gauged is (5.20), 
which can be viewed as an anti-diagonal subgroup of (5.5). Again, the first step is minimal 
coupling, corresponding to making the replacement 

V 1 -> V 1 + CAT jL IJ (6.10) 

in (3.7) or equivalently to making the replacement 

Qi^Qi + Q (6.11) 

in (6.9), giving a gauge-invariant lagrangian. This has a linear coupling 

hj { A *J\ T = IT,/ = .f - IVjdt 1 = J i -P i (6.12) 

to the Noether current J , so that adding the term 

l^AP 1 (6.13) 

coupling the gauge field C to the topological current j l = *P l gives the linear coupling 
(6.2). In this case, the term (6.15) is gauge invariant up to a surface term, so that there 
is no local obstruction to the gauging. 2 However, this term is not invariant under large 
gauge transformations. An action invariant under large gauge transformations is given by 
adding the term 

C top = l -dX % A dX l (6.14) 

which when added to (6.15) gives the term 

^(dXi + d) AP* (6.15) 

which is fully gauge- invariant under large gauge transformations. The term (6.14) cor- 
responds to adding the topological term (3.11) to the classical lagrangian, with fljj = 

n^nvj. 



2 In this case, the potential obstruction to gauging is = IT/IP ' jL IJ and this vanishes identically. 
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Defining 



Di = Ci + Qi- dj * P J - 



(6.16) 



the resulting lagrangian can be rewritten as 




(6.17) 



where 




(6.18) 



consists of an algebraic term for the Dj, which are then non-dynamical auxiliary fields 
and a term C'(Y) = C(Y) + A 1 A A { dependent only on Y and given by (3.13). In general 
coordinates, 



Then, as was to be expected, the resulting theory is independent of X. Using (3. 14), (3. 13) 
it is precisely the original theory (2.1) with metric g given by (2.7) and 6-field given by 
(2.26), plus the auxiliary field term D 2 . The invariance under large gauge transforma- 
tions means that Xi can be completely gauged away, including winding modes, and this 
is reflected in the fact that the theory is independent of X after integrating out the gauge 



The term (6.14) is a topological term depending only on the winding numbers n\ of 
X l ,Xi around homology cycles in the world-sheet, so that it does not affect the classical 
theory. The periodicities of X, X are 2itR\ 2nRi with Ri = a'/R l so that the T d pa- 
rameterised by the Xi is dual to the one parameterised by the X 1 [19], [20], [10]. Then the 
term in the action S = {2 / Ka')~ 1 f C top is a sum of terms of the form nrfni (where n\rii 
are winding numbers for a conjugate pair of cycles, and there is a sum over 1-cycles) and 
so contributes signs e mn%ni = ±1 to the functional integral given as a sum over winding 
numbers. A similar term arose in [19]. Note that changing the polarisation can change the 
sign of (6.14), but this leaves e mn%ni unchanged, so does not change the quantum theory. 
For example, changing from the X 1 polarisation to the Xi polarisation changes (6.14) by 
a factor of (— l) d . 

Thus the gauging gives back the original sigma- model (2.1). It can also be viewed as 
imposing the constraint J = 0. For example, choosing the gauge C_ = 0, C + becomes 
a lagrange multiplier imposing J_ = 0. Then the BRST constraints imply that J + 
annihilates physical states, so that in this way the full constraint J± = is achieved. 

Thus given a polarisation, the constraint (3.12) can be realised by gauging the symme- 
try associated with the currents II J, giving the conventional sigma- model (2.1). Different 



(6.19) 



fields. 
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choices of polarisation give rise to different sigma-models and in each of these, half of 
the coordinates X are gauged away. Different choices of polarisation select a different 
half of the coordinates X and are related by 0(d,d;Z), and the different sigma-models 
obtained are all related by T-duality. For example, given a split X — > (X*,Xj), choosing 
the polarisation as above gauges shifts in the Xi, giving a sigma- model with coordinates 
(Y,X), while choosing the opposite polarisation gauges shifts in the X 1 , giving the dual 
sigma-model with coordinates (Y, X) (corresponding to T-dualising all d circles). 

7 T-Folds 

A T-fold is constructed from patches in each of which there is a conventional string 
background, but the patching conditions involve T-dualities, and in general lead to a 
non-geometric background. Let {U a } be an open cover of the base N, N = U a U a . 3 
Then the T-fold is constructed from patches U' a = U a x T d , and in each such patch 
there is a metric g a of the form (2.7) and a 2-form b a of the form (2.26). The metric g a 
and 2-form b a on U a are patched together in U a D Up using diffeomorphisms and b- field 
gauge transformations in the usual way. The remaining data specifying the geometry 
consists of the moduli Ef- = Gfj + Bf^ and the U(l) 2d connections A a , A a . Over overlaps 
U a (~)Up, these are patched together using transition functions in 0(d, d; Z) ix U(l) 2d , where 
0(d : d; Z) acts through (2. 43), (2. 45) and the U(l) 2d acts through gauge transformations 

5 A 1 = dA 1 , J. 1 = -A 1 (7.1) 

This is a geometric background if the structure group is in the geometric subgroup 
r(d,Z) «U(l) 2d where F(d, Z) = GL(d, Z) <x Z d( ^ 1)/2 is the group of large torus diffeo- 
morphisms and integral shifts of By. Otherwise, it is a T-fold [1]. 

Over each patch U a one can instead consider a patch U a x T 2d with doubled fibre. As 
0(d, d; Z) ix U(l) 2d acts geometrically on T 2d , with 0(d, d; Z) acting as a subgroup of the 
large diffeomorphisms of T 2d , the T-fold transition functions in 0(d, d; Z) ix U(l) 2d can 
be used for the patches U a x T 2d to construct a manifold M as a T 2d bundle over N, 
with connection A [1],[10]. In each patch one introduces a constant metric L a of split 
signature (d,d) of the form (2.40) and a positive definite metric H a satisfying (3.2). The 
fibre metrics Tt a in each patch transform covariantly under 0(d, d) (3.17) and so have the 
transition functions 

H a = {hapfTiphap (7.2) 

Similar transition functions for L are consistent with a constant L a = Lp as the transition 
functions in 0(d, d; Z) preserve L. 

3 In this section a, (3 will label coordinate patches and not world-sheet coordinates. 
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Then for each patch, there is a doubled lagrangian £ a given by (3.7), and in overlaps 
C a = Cp so there is a well-defined action, which is a sigma-model with target space M. 
The constraint (3.12) is 0(d,d; Z) covariant, and so is a well-defined geometric condition 
for the sigma-model on M. 

One way of imposing this constraint is to choose a polarisation and gauge, as was shown 
in the last section. Consider first the case in which there are only 0(d,d;Z) transition 
functions, so 

K = iKlY^i (7-3) 

In each patch U' a = U a x T d , there is a choice of polarisation specified by projectors 
ricHo,, which can be combined into a matrix (O a ) 7 j, as in section 4.1. This defines a 
splitting of the coordinates X£ into 'physical' coordinates X l a and dual coordinates X ai 



K = (ejjxi = ( I (7-4) 



where 



K=l ~" h (7-5) 



X. 



An active T-duality transformation transforms X but leaves invariant. Then the 
transition functions (7.3) will give an active T-duality transformation if the polarisation 
projector is constant, so that it is independent of the choice of patch 

a = 0/3 (7.6) 

Then in the overlap U' a fl Up, the coordinates are given by 

X Q = Q X a = Qph~l^p (7.7) 

The term Qph~p^p is regarded as arising from transition functions that are an active 
T-duality transforming X, with Q = 0^, X a = h~p^p. The same X could instead be 
regarded as arising from a passive T-duality acting on the polarisation with a = @ph~p, 
but not on the coordinates, X„ = X^; in this section, the active viewpoint will be adopted, 
so that a = is independent of the patch. 

Then 

K = {KIYjH (7-8) 

where 

= QKpQ- 1 (7.9) 
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The matrix h a p has components 



so that 

K={Kl) l ^ + ih-lfX 3 , (7.11) 

In each patch, the {X l a } are coordinates for a T d fibre, and the condition for these to fit 
together to form a T d bundle over N is that 

(h- a ir=0 (7.12) 

so 

and the X\ are glued to the XI. The condition (7.12) implies that the structure group 
is in the geometric subgroup T(d,Z) C 0(d,d;Z), and implies that the T d fibres are 
patched together with diffeomorphisms {h~^) % j G GL(d,J.). Similarly, the dual tori T d 
will fit together to form a bundle if 

and the condition for there to be both a torus bundle with fibres T d and a dual bundle with 
fibres T d is that both (7.12) and (7.14) hold, so that the structure group is in GL(d, Z). 

This extends to the general case of a T-fold with structure group in 0(d, d; Z) ix U{l) 2d . 
In this case it is convenient to work with the £7(l) M -invariant 1-forms in each patch 
U' a , with 




(5a)*/Si 



(7.15) 



(7.16) 



Then (7.12) is replaced with 



K = (KlYj*i (7.i7) 



and so 

r« = {Kir 4 + fc^ )%* (7.18) 
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The condition that there is a T d sub-bundle is that (7.12) holds, so that the structure 
group is in the geometric group T(d, Z) ix U(l) 2d . 

The currents defined by (5.10) in each patch split into the currents J l a) J a i using 
the projectors n Q , Il a and these have the transition functions 

j« = (kl) l ^ + (klfJ^ (7.i9) 

Then the constraint J l a = is consistent with = only if (7.12) holds, so that the 
structure group is in the geometric group T(d,Z) p<U(l) 2d . If this is the case, then the 
constraint (3.12) can be imposed by gauging by coupling J 1 to gauge fields Cj. Note 
that if there are non-trivial T(d; Z) transition functions, then the gauge fields C are not 
connections on a principle bundle, but instead are connections on the affine bundle given 
by the pull-back of M to the world-sheet, with transition functions in T(d; Z) ix U(l) d 
[10]. This is sufficient to give a well-defined gauged action, even though there are no 
globally-defined Killing vectors [10]. 

The bundle M over N is characterised by the 2d first Chern classes, and the 0(d, d; Z) 
monodromies round the 1-cycles of N. If all monodromies are in a subgroup M. C 
0(d, d; Z), then the structure group is in M. ix U (l) 2d . The lagrangian (3.7) is well-defined 
on M, as is the constraint (3.12). The constraint (3.12) can be imposed by choosing a 
constant polarisation projector n, with the same choice for each patch U a , U a = Hp, and 
then gauging the current J l a = IT/J^ in each patch. The gauged lagrangians only patch 
together to give a well-defined action on M if M C T(d; Z), so that the monodromies 
are all in the geometric subgroup, and in this case a geometric background is obtained. 
For non-geometric T-folds with monodromies not in the geometric group, there is no 
globally consistent choice of a physical T d with coordinates X\ and this is reflected in 
the fact that the gauged lagrangians in each U' a do not patch together to form a well- 
defined classical lagrangian on M. In the general case, the best one can do is to perform 
a different gauging in each patch. These do not then fit together to form a well-defined 
classical action. However, the patching is with a symmetry of the quantum theory, and 
the corresponding quantum theories do patch together to give a well-defined theory, as 
will be discussed in the next section. 



8 Quantisation 

In this section, the quantisation of a sigma-model on a T-fold is addressed. Suppose first 
the world-sheet W is flat. For the conventional formulation in terms of a sigma-model 
(2.1) with coordinates X\ Y m , one can first integrate over X. For a point Y G N, the X 
are coordinates on a torus T d and quantising the X gives the the standard torus CFT on 
T d with moduli Gij(Y), Bij(Y). CFT's with moduli related by 0(d, d; Z) transformations 
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are equivalent, so that 0(d, d; Z) is a symmetry of the CFT, and the moduli space is not 
the coset 0(d,d)/0(d) x 0(d) parameterised by G, B, but is the Narain moduli space 
given by the quotient of this space by the action of 0(d, d; Z). Then the T-fold transition 
functions give a bundle of torus CFT's over N, and this is well-defined as the transition 
functions are a CFT symmetry 

The conformal field theory on T d can also be formulated in an 0(d,d;Z) covariant 
way in terms of the doubled coordinate X, imposing canonical commutation relations on 
X and its conjugate momentum. However, in this approach one must also impose the 
constraint (3.12) and the issue arises as to how to impose this in the quantum theory. 
As has been seen, this can be done by choosing a polarisation and gauging the action of 
the current J 1 = WjJ 1 . In general there will not be a global polarisation, and one must 
be chosen for each patch in N. One can then quantise in each patch to obtain the same 
torus CFT as before and these patch together to give the bundle of torus CFT's over N. 

The final stage in the quantisation is then to integrate over the Y . The quantum 
theory for each patch from integrating over both Y and X is then the quantisation of 
the gauged sigma-model on U a x T 2d . The ungauged action (3.7) is a sigma-model with 
target space U' = U a x T 2d and is renormalizable, as is the corresponding gauged model. 
The quantisation in the patch involves a choice of polarisation, but different choices lead 
to the same quantum theory, and can be thought of as arising from T-dual versions of the 
same sigma-model. 

The classical lagrangian (3.7) is globally well-defined on M and is duality invariant, 
as is the constraint (3.12). The quantisation involves choosing a polarisation that selects 
the independent variables to be quantised and this breaks the duality symmetry and in 
general there is no global choice of polarisation. However, the quantum theory is duality 
invariant, and as the patching conditions involve a quantum symmetry, then the resulting 
quantum theory should be well-defined. It would be interesting to consider other ways of 
handling the constraint (3.12) in the quantum theory, and to compare the results. 

Finally, in each patch, it has been seen that the two theories defined by the conventional 
sigma-model (2.1) and by gauging the doubled sigma-model (3.7) are classically equivalent, 
and each is quantisable, so the question arises as to whether they define the same quantum 
theory. To quantise the gauged model, one must first gauge-fix. With the topological term 
(6.14), the gauged action is invariant under gauge transformations, including large gauge 
transformations specified by maps from W to U(l) d with non-trivial monodromy around 
1-cycles in W. These can be fixed by gauging X away completely, using the large gauge 
transformations to gauge away the winding modes of X. As was seen in section 6, this 
gives the conventional lagrangian (2.1), plus the auxiliary field term 

IcFDiDj (8.1) 
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In addition, there is a ghost term 6*q where b\ Ci are anti-commuting scalars. The ghost 
integration is trivial, so the result is the sum of (2.1) and (8.1), so that quantising the 
doubled formalism in this way is equivalent to the quantisation of a conventional sigma 
model (2.1) plus the auxiliary term (8.1). The auxiliary field term does not affect the 
classical dynamics, but as the matrix depends on the fields Y, integrating out Di give 
a determinant that affects the functional measure for Y. It will be seen in the next section 
that this change in the measure can be absorbed into a shift of the dilaton, and that this 
is precisely what is needed to get the the correct dilaton coupling and transformation 
rules for the conventional sigma-model. 

In this way one can define a quantum field theory for any T-fold geometry. It remains 
to impose the condition that these give modular invariant conformal field theories, and 
this requires imposes 'field equations' restricting the allowed backgrounds. 

9 The Dilaton Coupling 

For curved world-sheets, one can add to the doubled sigma-model action given by the 
integral of (3.7) the Fradkin Tseytlin term 



where R is the Ricci scalar for the world-sheet metric h a p, with h = \det(h a p)\ and is a 
scalar field on M. It will be taken to be independent of the coordinates X, X so that it is 
a function 4>{Y) on N . It is then invariant under the 0(d, d; Z) symmetry of the doubled 
action. 

On gauging and eliminating the gauge fields as in section 6, one must integrate over 
the auxiliary fields Di with lagrangian 



Formally this gives a determinant involving U a det(Gij(X(a)). If this is calculated as in 
[17], [39], [40], it gives a contribution to the Fradkin-Tseytlin term at one loop correspond- 
ing to replacing in (9.1) with 



so that the sigma-model action on M is the sum of the integral of (2.1) and the Fradkin- 
Tseytlin term 




(9.1) 




(9.2) 




(9.3) 




(9.4) 
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Under a T-duality 

g- 1 = imiT -> (G") _1 = ntfw/in* (9.5) 

and 

, 1 , detG" _ „. 

In this way, the standard T-duality transformations of the dilaton $ are obtained. There 
are then two dilatons, related by (9.3). The dilaton $ is the familiar one coupling to 
the conventional sigma-model through the term (9.4), transforming under T-duality as 
(9.6) and appearing as a scalar in the standard space-time effective actions. The dilaton 
(j) coupling to the doubled sigma-model through (9.1) is invariant under 0(d, d; Z) and so 
T-duality is a symmetry of the perturabation theory in the coupling constant given by 
the expectation value of e~^, but not of that defined by the expectation value of e~*. The 
expectation value of is the string field theory coupling constant of [21]; see e.g. [37] 
for further discussion. There will be further corrections to the relation between the two 
dilatons arising in this way from higher loop contributions to the change in measure [40] . 



10 Doubled Everything 

The doubled formulation doubles the fibre coordinates X but not the base coordinates Y. 
A more democratic and covariant formulation would be to double the Y as well. This can 
always be done by adding some new coordinates Y m and then gauging the shift symmetry 
5Y m = a m , or more covariantly by imposing a constraint similar to (3.12) that can be 
imposed by such a gauging. The Y m , Y m are coordinates on some manifold N. If N were 
a torus, the Y could be taken as coordinates on the dual torus, but for general N there 
is no obvious choice of a dual space for N. To generalise the preceeding structure it is 
natural to demand that the tangent space TN ~ (T © T*)iV at each point, so that there 
is a natural action of 0(n, n) on TN, where n is the dimension of N. This suggests taking 
N to be the cotangent bundle T*N, or a quotient of this. 

For general M of dimension D, we then double the coordinates M to obtain 




(10.1) 



which can be coordinates on T*M or a quotient of this. If M is a T d bundle over N, then iV 
can be taken to be a T 2d bundle over T*N, which can be thought of as a quotient of T*M 
in which the coordinates X (parameterising the fibres cotangent to T d ) are periodically 
identified. (In this section, $, 4> are coordinates, not dilatons.) For the sigma model (2.1), 
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we introduce a constant 0(D,D) invariant metric Lmn and a generalised metric Qmn 
satisfying 



S 2 = 1 (10.2) 

where 

S = L~ x g (10.3) 
The doubled sigma model corresponding to (3.7) is then 

C = \GmnV m A*V n (10.4) 

where 

V™ = d a $ M (10.5) 
This is subject to the constraint 

V = S*V (10.6) 

(As there are no undoubted coordinates, there is no connection A.) 

The constraint (10.6) can now be handled as in section 6. There is a natural polari- 
sation in which the coordinates M of M are selected, using a projector H^m, as the real 
coordinates and the coordinates of the cotangent fibres M are taken as auxiliary. In this 
polarisation in which <3> is given in terms of 0, <fi by (10.1), then (10.2) implies Q is of the 
form 



g — bg 1 b bg 1 

-g-'b g- 1 



(10.7) 



for some symmetric g^ and anti-symmetric b^. The constraint (10.6) is equivalent to 
J M = where 

r = U^ M J M , J M = (SV - *V) M (10.8) 

The constraint J M = can be imposed by coupling to gauge fields as in section 6, which 
involves gauging the shift symmetry 5<p = a generated by J M , and eliminating the gauge 
fields and the coordinates <fi gives precisely the original lagrangian (2.1) (plus a topological 
term), by a similar argument to that given in section 6. Alternatively, if M is a T d bundle 
over N, then J M decomposes into J 1 , J m and one can first impose the constraint J m = by 
coupling to gauge fields, and so gauge the shift symmetry 5Y = f3 generated by J m . This 
eliminates the Y and the doubled formalism lagrangian C(X, X,Y) (3.7) is recovered, 
with the remaining constraint J 1 = 0. 
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For general T*M, the generalised metric Qmn(4>) depends only on the 0, not the 0, so 
that g{4>), b{4>) given by (10.7) are defined on M. Suppose that in a patch of M there are 
d commuting Killing vectors, so that one can choose adapted coordinates M = (Y m ,X' t ) 
so that the Killing vectors are d/dX l (i = 1, d); at this stage, no assumptions are made 
about whether or not the X 1 are periodic. Then the lagrangian is invariant under shifts of 
X 1 , Xi, Y m and under GL(2d + n, R) acting as a linear transformation on the coordinates 
X 1 ,X i ,Y m (with n — D — d) and on Q by transformations similar to (3. 17), (3. 18). (Linear 
transformations involving the Y m will not be a symmetry in general if Q depends non- 
trivially on the Y m .) This is broken to 0(d + n, d) by the constraint (10.6), and if d' < d 
of the X, X are periodic, then the boundary conditions further break the symmetry to 
the group 0(d\ d'; Z) x 0(d — d! ', d — d! + n). The discrete subgroup 0(d', d'; Z) is a gauge 
symmetry of the quantum theory (provided the 2d' periodic coordinates have the correct 
periodicities) with sigma-models related by the action of 0(d',d';~Z) giving equivalent 
quantum theories. As before, this can be thought of as changing the polarisation, so 
that it changes the cf-dimensional subset of the 2d' periodic coordinates that are to be 
physical. (Changing the polarisation for the non-periodic directions is not in general a 
gauge symmetry.) 

11 Supersymmetry 

As stated in [1], the supersymmetrisation of the doubled formalism is straightforward: 
the sigma-model (3.7) is replaced by a supersymmetric one. (The supersymmetric model 
was also discussed in [13].) The N=l supersymmetric generalisation of (2.1) in (1,1) 
superspace is [38] 



where M (a, 9) is a superfield on the superspace world-sheet with coordinates a a , 9 r where 
9 r are real anti-commuting coordinates transforming as a world-sheet spinor, r = 1, 2 is a 
world-sheet spinor index, and D r are the usual supercovariant derivatives. Here C rs = e rs 
is the charge conjugation matrix and Y s = C r *(73)t s — l sr where (73)/ is the chirality 
operator satisfying (7a) 2 = 1. The N=l supersymmetric generalisation of (3.7) in (1,1) 
superspace is the superspace lagrangian 




(11.1) 




\Hu C^VlVi - Lf'LuViAi + C(Y) 



(11.2) 



where X(<7, 9), Y(a, 9) are now superfields, 



Vl = DrX 1 , V\ = Vl + A^Y 



m 



(11.3) 
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The superspace versions of (3. 13), (3. 14) are 

C(Y) = C'(Y)- 1 rs A i r A sl (11.4) 

and 

C'(Y) = l - {g mn C rs + b mnl rs ) D r Y m D s Y n (11.5) 
The supersymmetric version of the topological term (3.11) is 

C top = \toirrvlVi (11.6) 

and the component expansion of this gives the topological term (3.11) plus the total 
derivative of a fermion bilinear. 

The constraint (3.12) becomes 

V = S l3 V (11.7) 

The component expansion gives fermionic bilinear contributions to the constraint (3.12), 
and a constraint on the world-sheet fermions ip 1 which reduces to tp — S^^ip in the free 
case, so that tp a is a left-handed chiral spinor and i\) a ' is a right-handed one. 

As in the bosonic case, this can be imposed by choosing a polarisation and gauging 
as in section 6, coupling to a superspace gauge field T ri . The superspace current J], 
corresponding to (5.10) is 

4 = nV/ (ii.8) 

where 

Jl = L IJ J rJ = S T jP r J - ( 73 ) r «P/ (11.9) 

The supersymmetric gauging is given by adding to (11.2) the supersymmetric generalisa- 
tion of (6.6) given by 

c g = \c rs v ri Jl + ^n ij c rs v ri v sj (n.io) 

Then eliminating the gauge field and Xi as in section 6, one recovers the lagrangian (11.1), 
giving the local equivalence of the formalisms. The discussion of quantisation and global 
structure extend straightforwardly to the supersymmetric case. 

The formulation of section 10 also generalises straightforwardly to superspace giving 
the superspace lagrangian 

jC = ^g MN c rs v r M vf (ii.il) 

subject to the constraint 

V = S l3 V (11.12) 
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